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What happens to
Neutrino Oscillations,
e.g. oscillation length,

if h̄! 0 ?
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Mikheyev + Smirnov Resonance  WIN ‘85

⇤e ⇤µ ⇤⇤

⇤1 ⇤2 ⇤3

�m2
⇧ = 8.0� 10�5eV 2

sin2 ⇥⇧ = 0.31

�⇧ = �m2
⇧L

4E = 1.27 8⇤10�5 eV 2 · 1.5⇤1011 m
0.1�10 MeV

�⇧ ⇥ 107±1
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• 8Boron: born where �e = �2 remain �2’s forever (no oscillations)

• pp and 7Be: full averaged vacuum oscillations ⇥ 2/3 �1 and 1/3 �2

• Solar hierarchy determined by matter e�ect.
(Pee < 1/2 impossible for one hierarchy)

Solar matter e�ects put more
of the neutrino into �2.
This raises the survival probability
above vacuum value since �2 has more �e.
But the minimum of Pee in vacuum is 1/2.

For this hierarchy P matter
ee ⇥ P vac

ee ⇥ 1/2

But P SNO
ee = 0.347 ± 0.038 < 1/2

This solar hierarchy EXCLUDED !!!.
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Identical Solar Twins:
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flavor eigenstates

mass eigenstates

?????



Kinematical Phase:

⇤e ⇤µ ⇤⇥

⇤1 ⇤2 ⇤3

�m2
⇥ = 8.0� 10�5eV 2

sin2 ⇥⇥ = 0.31
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⇧ = 8.0� 10�5eV 2

sin2 ⇥⇧ = 0.31

�⇧ = �m2
⇧L

4E = 1.27 8⇤10�5 eV 2 · 1.5⇤1011 m
0.1�10 MeV

�⇧ ⇥ 107±1
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Effectively Incoherent !!!
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Vacuum ⇥e Survival Probability:

⌅Pee⇧ = f1 cos2 �� + f2 sin2 ��

where f1 and f2 are the fraction of ⇥1 and ⇥2 at production.

In vacuum f1 = cos2 �� and f2 = sin2 ��.

Note energy independence.

⌅Pee⇧ = cos4 �� + sin4 �� = 1� 1
2 sin2 2��

for pp and 7Be this is approximately THE ANSWER.

f1 ⇥ 69% and f2 ⇥ 31% and ⌅Pee⇧ ⇤ 0.6
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⇥Pee⇤ = f1 cos2 �� + f2 sin2 �� � 0.6
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What about 8B ?

SNO’s CC/NC

CC
NC = ⌅Pee⇧ = f1 cos2 �� + f2 sin2 ��

f1 =
�

CC
NC � sin2 ��

�
/ cos 2��

= (0.35� 0.31)/0.4 ⇤ 10 ± ???%

Wow!!! How did that happen???
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f1 � 10% and f2 � 90% and ⇤Pee⌅ ⇥ sin2 � = 0.31

Wow!!! How did that happen???
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What about 8B ?

SNO’s CC/NC

CC
NC = ⌅Pee⇧ = f1 cos2 �� + f2 sin2 ��

f1 =
�

CC
NC � sin2 ��

�
/ cos 2��

= (0.35� 0.31)/0.4 ⇤ 10 ± ???%
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f1 � 10% and f2 � 90% and

⇤Pee⌅ = sin2 � + f1 cos 2�� ⇥ sin2 �� = 0.31

Wow!!! How did that happen???
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f1 � 10% and f2 � 90% and

⇤Pee⌅ = sin2 � + f1 cos 2�� ⇥ sin2 �� = 0.31

Wow!!! How did that happen???

energy dependence!!!
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Summary:

The low energy pp and 7Be Solar Neutrinos exit the sun as
two thirds �1 and one third �2 due to (quasi-) vacuum oscillations.

f1 = 65± 2%, f2 = 35⇥ 2% with Pee ⇤ 0.56

The high energy 8B Solar Neutrinos exit the sun as
�2 mass eigenstates due to matter e�ects.

f2 = 91± 2% and f1 = 9⇥ 2% with Pee ⇤ 0.35.
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⌅f1⇧ (%) ⌅f2⇧ (%)

vac 69 ± 3 31 ⇥ 3

pp 67 ± 4 33 ⇥ 4
7Be 63 ± 4 37 ⇥ 4

8B 9 ⇥ 2 91 ± 2

quasi-vacuum

matter dominated

f1 = cos2 �N
� and f2 = sin2 �N

� ⌅Pee⇧ = f1 cos2 �� + f2 sin2 ��

vac pp 7Be 8B NeE�

⌅Pee⇧ = cos4 �� + sin4 ��

⇤ sin2 ��

8B: ⇥2 fraction (%)
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Summary:

The low energy pp and 7Be Solar Neutrinos exit the sun as
two thirds ⇤1 and one third ⇤2 due to (quasi-) vacuum oscillations.

f1 = 65± 2%, f2 = 35⇤ 2% with Pee ⌅ 0.56

The high energy 8B Solar Neutrinos exit the sun as
”PURE” ⇤2 mass eigenstates due to matter e�ects.

f2 = 91± 2% and f1 = 9⇤ 2% with Pee ⌅ 0.35.

�m2
⇥ = 8.0± 0.4� 10�5eV 2

sin2 ⇥⇥ = 0.310± 0.026

at 68% CL

SNO, KamLAND, SK, Gallex, SAGE, Cl
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Reactor/Accelerator Sector: {13}
CPT ⇤ invariant � ⇥ ��
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0 ⇤ � < 2⇤
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Masses and Mixings
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⇤µ ⇤ ⇤e ⌅⇧ ⇤̄µ ⇤ ⇤̄e

T ⌃ ⌃ T

⇤e ⇤ ⇤µ ⌅⇧ ⇤̄e ⇤ ⇤̄µ

CP

CPT across diagonals:

• First Row: Superbeams where ⇤e contamination ⇥1 %

• Second Row: ⇤-Factory or �-Beams, no beam contamination
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CP

⇤µ ⇤ ⇤e ⌅⇧ ⇤̄µ ⇤ ⇤̄e

T ⌃ CPT across diagonals ⌃ T

⇤e ⇤ ⇤µ ⌅⇧ ⇤̄e ⇤ ⇤̄µ

CP

CPT across diagonals:

• First Row: Superbeams where ⇤e contamination ⇥1 %

• Second Row: ⇤-Factory or �-Beams, no beam contamination

Even in matter, a vestige of CPT exists:
Instead of switch matter to anti-matter, switch neutrino hierarchy !!!
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⌫⌧ at Neutrino Factory

Constraining the non-linearity of the detector energy scale at better than 1% is required!

KamLAND achieved 1.9%

⌫µ ! ⌫µ

4|Uµ3|2(1 � |Uµ3|2): hard to get precision on |Uµ3|2 near 1/2

the �m2 measured is ⌫µ weighted average of |�m2
31| and |�m2

32|

⌫̄e ! ⌫̄e

precision measurement of |Ue3|2

Mass Hierarchy is very challenging!!!
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Appearance Experiments:
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Quark & lepton Unitarity Triangles:

16

Quark Triangle:

Unitarity Triangle:

U�
µ1Ue1 + U�

µ2Ue2 + U�
µ3Ue3 = 0

|J | = 2⇥Area

J = s12c12s23c23s13c2
13 sin �

⇤ = � or 2⇥ � �
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BRIEF ARTICLE

THE AUTHOR

when sin(aL)/(aL) ⇤ 1
Neutrino Physics disparately needs to go beyond Megawatt traditional neutrino beams

and Megaton water Cerenkov detectors: Neutrino Factory is an excellent possibility.
For large sin2 2�13 (� 0.003-0.01 say) the low energy option could provide precision

measurements of the mixings to give meaningful tests to various sum rules coming from
models and also explore the possibility of new physics as sub-leading e�ects.

For smaller values of sin2 2�13 the higher energy option provides unpresident sensitivity
to small values sin2 2�13 and has the capability to untangle neutrino mixings from other
new physics.
⇥ 1�

3
= sin �13/

⌅
2

1

Three Main things we are looking for are:

Surprises! Surprises!! SURPRISES!!!

We all have prejudices
about how Nature has organized

the Neutrino/Lepton Sector:

She has SURPRISES in store for us

Let’s go Find Them !!!!!!

� 1/3
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~1/10

Unitarity Triangle:

U�
µ1Ue1 + U�

µ2Ue2 + U�
µ3Ue3 = 0

|J | = 2�Area
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Unitarity Triangle:

U�
µ1Ue1 + U�

µ2Ue2 + U�
µ3Ue3 = 0
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only Unitarity triangle that doesn’t involve ⌫⌧ !

> 5� discovery

sin

2 ✓13 ⇡ 0.023 is the ⌫e fraction of ⌫3

(the mass state with smallest ⌫e content)

sin

2
2✓13

In Vacuum, at 1st Oscillation Maximum:

P (⌫̄µ ! ⌫̄e) ranges is between 1
2 and 2 times P (⌫µ ! ⌫e) !!!

Very Di↵erent !!! Was ✓13 ⇡ ✓Cp
2

Predicted?
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E

X – 2

Neutrino Triangle:

|Ue1||Uµ1| = 0.0�0.5; |Ue2||Uµ2| = 0.2�0.4; |Ue3||Uµ3| = 0.1(1±0.2)

�(H ! ⌫⌫̄) =
⇣

m⌫
mb

⌘2
�(H ! bb̄)

Impossibly tiny !!!

Lepton Number Conservation v. Lepton Number Violation

Dirac: L̄H⌫R OR Majorana: 1
M

(L̄H)2

Reactor/Solar ⌫’s

Atmospheric/Accelerator ⌫’s

L/E = 500 km/GeV 500 km/GeV 15 km/MeV

|U⌧3|2

|Ue1|2
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CKM picture 
Very impressive achievements from all heavy flavour 
experiments (e+e�, pp, pp) and lattice theory over the last 10 
years…. 

14th May 2013 Nobel Symposium 2013, V.Gibson 
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Patm = sin �23 sin 2�13 sin�31

and
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Psol = cos �23 sin 2�12 sin�21

where
�
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sin(�31�aL)
(�31�aL) �31

and
�

Psol = cos �23 sin 2�12
sin(aL)
(aL) �21
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⇥µ ⇥ ⇥e

Pµ⌅e =
���

⇥
j U⇥µj Ueje

�im2
jL/2E

���
2

Elimate U⇥µ1Ue1

using unitarity of U.
Use �ij = �m2

ijL/4E = 1.27�m2
ijL/E

Pµ⌅e =
�� 2U⇥µ3Ue3 sin�31e�i�32 + 2U⇥µ2Ue2 sin�21

��2

Square of Atmospheric+Solar amplitude:

U⇥µ3Ue3 = s23s13c13e⇤i� for ⇥ and ⇥̄:

Approx. U⇥µ2Ue2 � c23c13s12c12 +O(s13):

Pµ⌅e �
�� 2s23s13c13 sin�31e�i(�32±�) + 2c23c13s12c12 sin�21

��2

Interference term di�erent for ⇥ and ⇥̄: CP violation !!!
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Vacuum LBL:

Pµ!e ⇥ |
⌅

Patme�i(�32±�) +
⌅

Psol |2

0 when �31 = ⇥/2

0 in vacuum

a = GF Ne/
⌅

2 = (4000 km)�1, �ij = |�m2
ij|L/4E

and ± = sign(�m2
31)

⇥
⇥

2�13
�crit

� (aL)�13

⇤
⌅

� �31 cot �31
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PatmPsol cos�32 cos � (9)

⇥2
�

PatmPsol sin �32 sin � (10)

�ij = �m2
ijL/4E

cos(�32 ± �) = cos �32 cos � ⇥ sin �32 sin � (11)

CPC only CPV

P = Psol
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Interference term di�erent for ⇥ and ⇥̄: CP violation !!!
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ē L

U
(1

)

C
P
T

:
e L
⇥
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ē L

w
ou

ld
b
e

(M
aj

or
an

a)
m

as
s

te
rm

bu
t

th
is

vi
ol

at
es

co
ns

er
va

ti
on

of
el

ec
tr

ic
ch

ar
ge

!

–
T
yp

es
et

by
F
oi

lT
EX

–
14

⇥µ ⇥ ⇥e

Pµ⌅e =
���

⇥
j U⇥µj Ueje

�im2
jL/2E

���
2

Elimate U⇥µ1Ue1

using unitarity of U.
Use �ij = �m2

ijL/4E = 1.27�m2
ijL/E

Pµ⌅e =
�� 2U⇥µ3Ue3 sin�31e�i�32 + 2U⇥µ2Ue2 sin�21

��2

Square of Atmospheric+Solar amplitude:

U⇥µ3Ue3 = s23s13c13e⇤i� for ⇥ and ⇥̄:

Approx. U⇥µ2Ue2 � c23c13s12c12 +O(s13):

Pµ⌅e �
�� 2s23s13c13 sin�31e�i(�32±�) + 2c23c13s12c12 sin�21

��2

Interference term di�erent for ⇥ and ⇥̄: CP violation !!!

sparkE – 17 Nov 2003 10

Vacu
um LBL:

Pµ⇥e � |
⇥

Patme�i(�32±�) +
⇥

Psol |2

0 when �31 = ⇥/2

0 in vacuum

a = GF Ne/
⇥

2 = (4000 km)�1, �ij = |�m2
ij|L/4E

and ± = sign(�m2
31)

⇥
⇥

2�13
�crit

� (aL)�13

⇤
⌅

� �31 cot �31

– Typeset by FoilTEX – 17

2
�

PatmPsol cos(�32 ± �) = 2
�

PatmPsol cos�32 cos � (9)

�2
�

PatmPsol sin �32 sin � (10)

�ij = �m2
ijL/4E

cos(�32 ± �) = cos �32 cos � � sin �32 sin � (11)

CPC only CPV

P = Psol

– Typeset by FoilTEX – 17



Stephen Parke                                     Academic Lecture 2014 @ Fermilab                                              1/14/2014                      

Neutrino Energy and Baselines:

19

• Near 1st Oscillation Maximum: L/E= 500 km/GeV

T2K, NO⌫A and T2HyperK using O↵ Axis beams

LBNE (1300km) and T2Okinoshima (658km) –broad band beams

• Near the 2nd Oscillation Maximum: L/E= 1500 km/GeV

ESS to Garpenburg (540km) –broad band beam

• In between these Two: L/E ⇡ 1000 km/GeV

LBNO near the “bi-magic” baseline: 2300km –broad band beam
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1st Oscillation Maxima:

20

• Near 1st Oscillation Maximum: �31 ⇡ ⇡/2

T2K, NO⌫A and T2HyperK using O↵ Axis beams

LBNE (1300km) and T2Okinoshima (658km) broad band beams

• Around the 2nd Oscillation Maximum: ESS to (540km)

�31 ⇡ 3⇡/2 CPV 3 times larger !!

• In Between these two: LBNO near the bi-magic baseline: 2300km

�31 ⇡ 3⇡/4 and aL ⇡ ⇡/4 So that (�31 ⌥ aL) = ⇡/2 or ⇡
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1st Oscillation Maxima:

20
Stephen Parke, Fermilab                                           PHENO 2013 @ Pitt PACC                                                       5/7/2013                      

Mass Hierarchy:  NOvA

22

Gary Feldman                         LBNE Reconfiguration Workshop                         25 April 2012                           9

3 Years Each ! and !

NO!A does about as well 
with 3 years of each. In 
addition, this plan rules out 
no CP violation at a greater 
significance and it provides
a constraint on the model
and on the measurements. 
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Avac � |P �P̄ |
|P+P̄ | ⇥ 1

11
sin 2⇥13 sin �

(sin2 2⇥13+0.002)
= 0.3 sin �
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In Vacuum, at 1st Oscillation Maximum:

P̄ (�̄µ � �̄e) ranges is between 1
2 and 2 times P (�µ � �e)

Very Di�erent !!! Was �13 � �C�
2

Predicted?
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2nd Oscillation Max:
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Avac ⇡ 0.75 sin �

✓23 and the Uncertainty on �

sin2 2✓23 = 0.952, 0.968, 0.9996

• Near 1st Oscillation Maximum: �31 ⇡ ⇡/2

T2K, NO⌫A and T2HyperK using O↵ Axis beams

LBNE (1300km) and T2Okinoshima (658km) broad band beams

• Around the 2nd Oscillation Maximum: ESS to Garpenburg (540km)

�31 ⇡ 3⇡/2 CPV 3 times larger !!
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Avac(2nd OM) = 2.5 Avac(1st OM) (9/11 of 3)
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• Near 1st Oscillation Maximum: �31 ⇡ ⇡/2

T2K, NO⌫A and T2HyperK using O↵ Axis beams

LBNE (1300km) and T2Okinoshima (658km) broad band beams

• Around the 2nd Oscillation Maximum: ESS to Garpenburg (540km)
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• In Between these two: LBNO near the bi-magic baseline: 2300km
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Fermion Mass
(Neutrino Mass)

Mass is a coupling between the
RIGHT chiral and the LEFT chiral
components of the Fermion Field.
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Fermion Mass
(Neutrino Mass)

Mass is a coupling between the
RIGHT and the LEFT

components of the Fermion Field.

P 2 = M2, S2 = �1, and P · S = 0

then (P ± MS)2 = 0

Dirac spinor:

U(P, S) = (1+�5)
2 U(P+MS

2 ) + ei� (1��5)
2 U(P �MS

2 )

Right massless spinor Left massless spinor

for massless particles chirality and helicity are the identical
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Dirac: L̄H⌫R OR Majorana: 1
M

(L̄H)2

Reactor/Solar ⌫’s

Atmospheric/Accelerator ⌫’s

L/E = 500 km/GeV 500 km/GeV 15 km/MeV

|U⌧3|2

|Ue1|2

|Ue2|2 + |Uµ2|2 + |U⌧2|2
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Weinberg ’79
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Fermion Mass
(Neutrino Mass)

Mass is a coupling between the
RIGHT and the LEFT

components of the Fermion Field.

P 2 = M2, S2 = �1, and P · S = 0

then (P ± MS)2 = 0

Dirac spinor:

U(P, S) = (1+�5)
2 U(P+MS

2 ) + ei� (1��5)
2 U(P �MS

2 )

Right massless spinor Left massless spinor

for massless particles chirality and helicity are the identical
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|Ue1||Uµ1| = 0.0�0.5; |Ue2||Uµ2| = 0.2�0.4; |Ue3||Uµ3| = 0.1(1±0.2)
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Invisible & Impossibly tiny !!!
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(swamped by loop processes!!)

• Precision measurement of sin

2 ✓
23

• Mass Hiearchy?

In Vacuum:
¯P � P depends on sin � and sin 2✓

23

whereas
¯P + P depends on cos � and sin

2 ✓
23

(di↵erence in position of the ”2”)

• ⌫̄e ! ⌫̄e and/or ⌫e ! ⌫e

reactor, sources: L/E dependence

• ⌫µ ! ⌫µ

near and far detectors

• ⌫̄µ ! ⌫̄e or ⌫e ! ⌫µ

ICARUS/NESSIE @ CERN, LAr1 @ FNAL

NuSTORM (Muon storage ring)
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Less than
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Signal below ⇠ 10 meV would imply
Majorana and Normal Hierarchy!

Similarly, if Tritium decay exp. (Hyper-Katrin)
could exclude m⌫e > 1

30 eV 2, then normal hierarchy.

E = mc2
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Figure 7: Predictions for |mee| assuming a hierarchical (fig. 7a) and inverted (fig. 7b) neutrino spec-
trum. In fig. 7c we update the upper bound on the mass of quasi-degenerate neutrinos implied by 0ν2β
searches. The factor h ≈ 1 parameterizes the uncertainty in the nuclear matrix element (see sect.
2.1). In fig. 7d we plot the 99% CL range for mee as function of the lightest neutrino mass, thereby
covering all spectra. The darker regions show how the mee range would shrink if the present best-fit
values of oscillation parameters were confirmed with negligible error.
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• To Be Majorana or Not To Be Majorana?

• We know (|Ue2|2, |Ue3|2, |Uµ3|2) with precision of (5,10,15)% but
have little information on the other 6 elements of the PMNS matrix without
assuming Unitarity.

• Stringent tests of the ⌫SM Paradigm, determining the Mass Hierarchy
& measuring CPV are the next steps. Unitarity Triangle? Tau’s?

• Are there lite Sterile neutrinos?
Can we exclude |Ue4|2 and |Uµ4|2 > 0.01, say, for �m2 ⇠ 1eV 2

• Solving the Neutrino Masses and Mixing pattern is di�cult challenge
for Theory!
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